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$X$ $\overline{X}$ $X$ (compactﬄcation)
$\partial X$ $:=\overline{X}\backslash X$ (boundary)
$X$
$\gamma X$ $\delta X$ $h|_{X}=id_{X}$ $h$ : $\gamma Xarrow\delta X$
$\gamma X$ $\delta X$ $\gamma X\sim\delta X$
$X$ 2
(Theorem 3.5.5 of [2]):
1.1. $X$ $\gamma X$ $\delta X$ :
(i) $\gamma X$ $\delta X$




12. $X$ 1 $\alpha X$ $X$
$A,$ $B$ cl$\alpha XA\cap c1_{\alpha X}B\neq\emptyset$ .
$X$ $f$ : $Xarrow \mathbb{R}$
$X$ Stone-Cech $\beta X$
13. $X$ :
(i) $A\subset X$ $f$ : $Aarrow[a, b]$ $F|_{A}=f$
$F$ : $Xarrow[a, b]$ ( ).
(ii) $A\subset X$ cl$\beta x^{A\sim\beta A}$ .
(iii) $X$ $A,$ $B$ cl$\beta x^{A\cap c1_{\beta X}B=\emptyset}$ .
$(X, \mathcal{U})$
$X$ $X$
Smirnov $\iota\backslash$ , $u_{\mathcal{U}}X$
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(X, d) $d$ $X$
Smirnov $u_{\mathcal{U}_{d}}X$ 13
(X, d) $A$ $B$ $d(A, B):= \inf\{d(a, b)|a\in$
$A,$ $b\in B\}$
14. (X, d) $1_{:}$
(i) $A\subset X$ $f$ : $Aarrow[a, b]$ $F|_{A}=f$
$F:Xarrow[a, b]$
(ii) $A\subset X$ $c1_{u\iota r_{d}^{X}}A\sim u_{\mathcal{U}_{d|A}}A$ .
(iii) $X$ $A,$ $B$ $d(A, B)>0$ $c1_{u_{\mathcal{U}_{d}}X}A\cap$
$c1_{uu_{d}^{X}}B=\emptyset$
13 1.4 (coarse space)
:




Roe [6] $X$ $E,$ $F\subset X\cross X$ $K\subset X$ $\Delta_{X}$
$E^{-1},$ $E\circ F,$ $E[K]$ :
$\bullet\triangle x:=\{(x, x)|x\in X\}$ ,
$\bullet E^{-1}:=\{(x, y)\in X^{2}|(y, x)\in E\}$,
$\bullet$ $E\circ F$ $:=\{(x, z)\in X^{2}|\exists y\in X s.t. (x, y)\in E$ $(y, z)\in F\}$ ,
$\bullet$ $E[K]$ $:=\{x\in X|\exists y\in K s.t. (x, y)\in E\}$ .
$E\subset X^{2}$ $E^{-1}=E$ (symmetry) $x\in X$
$E[\{x\}]$ $E[x]$
21. $E\subset X^{2}$ $\triangle x$ $A\subset X$ clx $A\subset E[A]$ .
Proof. $x\in$ clx $A$ $E$ $(x, x)\in X^{2}$ $U^{2}\subset E$





:2.2. $X^{2}$ $\mathcal{E}$ $\mathcal{E}$ $X$ (coarse struc-
ture) $(X, \mathcal{E})$ (coarse space) :
$\bullet\triangle x\in \mathcal{E}$ ,
$\bullet E\in \mathcal{E},$ $F\subset E\Rightarrow F\in \mathcal{E}$ ,
$\bullet E\in \mathcal{E}\Rightarrow E^{-1}\in \mathcal{E}$ ,
$\bullet E,$ $F\in \mathcal{E}\Rightarrow E\circ F\in \mathcal{E},$ $E\cup F\in \mathcal{E}$ .
$\mathcal{E}$ (controlled set) (entourage)
2.3. $(X, \mathcal{E})$ $B\subset X$ $B\cross B\in \mathcal{E}$ (bounded)








of [6] $)$ :
25. $B$ $E\in \mathcal{E}$ $E[B]$
$X$






2 $X$ $A$ (relatively compact) clx $A$
3 $X$ $\mathcal{E}$ (i) (ii) $\mathcal{E}$ (proper)




3.1. $(X, \mathcal{E})$ $f$ : $(X, \mathcal{E})arrow \mathbb{R}$
Higson ( $\mathcal{E}$-Higson) :
$\forall E\in \mathcal{E},$ $\forall\epsilon>0,$ $\exists B\subset X$ : s.t. $\forall x\in X\backslash B$ , diam $f(E[x])<\epsilon$ .
diam $A$ $:= \sup\{|a-b||a, b\in A\}$ $A\subset \mathbb{R}$
32. $(X, \mathcal{E})$ $X$
$X$ Higson $(X, \mathcal{E})$ Higson
$A\searrow$ $h_{\mathcal{E}}X$ Higson $X$
$hX,$ $\nu X$
Higson (coarse invariant)
(Corollary 2.42 of [6]).




$\forall\epsilon>0,$ $\exists K\subset X$ : st. $(x, y)\in E\backslash K^{2}\Rightarrow d(x, y)<\epsilon$ .
$C_{0}$ $f$ : $Xarrow \mathbb{R}$ $\mathcal{E}_{d}^{0}$-Higson
(cf. [5]). $(X, \mathcal{E}_{d}^{0})$ Higson
$(X, \mathcal{U}_{d})$ Smirnov
34. $X$ $X^{2}$
(discrete coarse structure) 4
:




(indiscrete coarse structure) $X$
Higson 1
Higson 1 :
3.6 (Example 2.44 of [6]). $X$ $\mathcal{E}$
(universal bounded geometry structure) :
$E\in \mathcal{E}$
$def$




:3.7 (Theorem 2.27 of [6]). $X$ $\overline{X}$ $E\subset$
$X^{2}$ $(a)\sim(c)$ :
(a) $(c1_{\tilde{X}\cross\tilde{X}}E)\backslash X\cross X\subset\triangle_{\partial X}$ ,
(b) $E$ $\forall(x_{\lambda}, y_{\lambda})\in E,$ $x_{\lambda}arrow\omega\in\partial X(\lambda\in\Lambda)\Rightarrow y_{\lambda}arrow\omega(\lambda\in\Lambda)$,
(C) $E$
$\forall\omega\in\partial X,$
$\forall V\subset\tilde{X}:\omega$ $\exists U\subset V$ : $\omega$ st. $E\cap(U\cross(X\backslash V))=\emptyset$ .
$(a)\sim(c)$ ( ) $E\subset X^{2}$
$X^{2}$
$\mathcal{E}_{\overline{X}}$
(topological coarse structure) (continuously
controlled coarse structure)
$(X, \mathcal{E}_{\overline{X}})$ Higson $\overline{X}$ 5




4.1. $(X, \mathcal{E})$ $A,$ $B$ (diverge)
(asymptotically disjoint) :
$\forall E\in \mathcal{E}$ , $E[A]\cap E[B]$
42. $(X, \mathcal{E})$ $A,$ $B$ cl$hx^{A}\cap c1_{hX}B\cap\nu X=\emptyset$ $A$
$B$
Proof. $A$ $B$ $E[A]\cap E[B]$ (
) $E\in \mathcal{E}$ $\omega\in\nu X$
$z_{\lambda}\in E[A]\cap E[B]$ $(x_{\lambda}, z_{\lambda}),$ $(y_{\lambda}, z_{\lambda})\in E$ $x_{\lambda}\in A$ ,
$y_{\lambda}\in B$ 38 $\mathcal{E}\subset \mathcal{E}_{hX}$ 37(b) $x_{\lambda},$ $y_{\lambda}arrow\omega$ .
$\omega\in c1_{hX}A\cap c1_{hX}B\cap\nu X\neq\emptyset$
$(X, \mathcal{E})$ $A$ $\mathcal{E}$ $A$ $\mathcal{E}|_{A}:=\{E\in \mathcal{E}|E\subset A^{2}\}$











(i) $A\subset X$ $\mathcal{E}|_{A}$-Higson $f$ : $Aarrow[a, b]$ $F|_{A}=f$
$\mathcal{E}$-Higson $F$ : $Xarrow[a, b]$ Higson
Higson
(ii) $A\subset X$ $cl_{hX}A\sim h_{\mathcal{E}1_{A}}A$ .
(iii) $A,$ $B\subset X$ $A$ $B$
cl$hx^{A\cap c1_{hX}B=\emptyset}$
Proof. $(i)\Rightarrow$ (ii): 15 $c1_{hX}A$ $A$ $S($cl$hx^{A)}$ $h_{\mathcal{E}1_{A}}A$
$A$ $S(h_{\mathcal{E}1_{A}}A)$
$S(c1_{hX}A)\subset S(h_{\mathcal{E}1_{A}}A)$ $\overline{f}:c1_{hX}Aarrow \mathbb{R}$
$\overline{f|}_{A}$
$\mathcal{E}|_{A}$-Higson $\overline{f}$ $\overline{F}:hXarrow \mathbb{R}$
Higson $F$ $:=\overline{F}|_{X}$ $\mathcal{E}$-Higson
$F|_{A}=\overline{f}|_{A}$ $\mathcal{E}|_{A}$-Higson $S(clhxA)\subset S(h_{\mathcal{E}1_{A}}A)$ . (i)
$S(h_{\mathcal{E}1_{A}}A)\subset S(c1_{hX}A)$ $\mathcal{E}|_{A}$-Higson $f$ : $Aarrow \mathbb{R}$ $c1_{hX}A$
$f$ $\mathcal{E}|_{A}$-Higson (i) $X$ $\mathcal{E}$-Higson
$F:Xarrow \mathbb{R}$ $F$ $hX$ $\overline{F}$ $\tilde{F}|_{c1_{hX}A}$
$(ii)\Rightarrow(i):f$ : $Aarrow[a, b]$ $\mathcal{E}|_{A}$-Higson $f$ $c1_{hX}A\sim h_{\mathcal{E}1_{A}}A$ $\overline{f}$
$\overline{f}$ $hX$ $\overline{F}$ $F=\overline{F}|_{X}$
$\mathcal{E}$-Higson $f$
$(i)\Rightarrow$ (iii) $:A$ $B$ $Y=A\cup B,$ $f$ : $Yarrow[0,1]$ $f(A)=\{0\}$ ,
$f(B)=\{1\}$ $f$ $\mathcal{E}|_{Y}$-Higson $E\in \mathcal{E}|_{Y}$
$K=E[A]\cap E[B]$ $x\in Y\backslash K$ $E[x]\subset A$
$E[x|\subset B$ $E[x|\cap A\neq\emptyset$ $\grave$ $E[x|\cap B\neq\emptyset$ $(a,x),$ $(b,x)\in E$
$a\in A,$ $b\in B$ $E$ $x\in E[A]\cap E[B]=K$ $x\not\in K$
$E[x]$ $A$ $B$
diam $f(E[x])=0$ $f$ $\mathcal{E}|_{Y}$-Higson (i) $f$ $\mathcal{E}$-Higson
$F:Xarrow[0,1]$ $F$ $\overline{F}:hXarrow[0,1]$
cl$hx^{A\subset\overline{F}^{-1}(0)}$ cl$hx^{B}\subset\overline{F}^{-1}(1)$ $c1_{hX}A\cap c1_{hX}B\subset\overline{F}^{-1}(0)\cap\overline{F}^{-1}(1)=\emptyset$.
$c1_{hX}A\cap c1_{hX}B=\emptyset$ $A$ $B$ 42
(iii) $\Rightarrow$ (ii): 1.5 $S(c1_{hX}A)$ $S(h_{\mathcal{E}1_{A}}A)$
$S(c1_{hX}A)\subset S(h_{\mathcal{E}1_{A}}A)$ $(i)\Rightarrow$ (ii) $S(h_{\mathcal{E}1_{A}}A)\subset$
6
34
$S(c1_{hX}A)$ $q|_{X}=$ id$x$ $q:c1_{hX}Aarrow h_{\mathcal{E}1_{A}}A$
7
4.5 (Theorem 3.2.1 of [2]). $X$ $\overline{X}$ $K$
$q$ : $Xarrow K$ $\overline{X}$
$A,$ $B\subset K$ $c1_{\overline{X}}q^{-1}(A)\cap c1_{\tilde{X}}q^{-1}(B)=\emptyset$
idx; $Xarrow h_{\mathcal{E}1_{A}}A$ 45 $q$ $h_{\mathcal{E}1_{A}}A$
$\overline{C},\overline{D}$ $C:=\overline{C}\cap A$ $D:=\overline{D}\cap A$
42 $(A, \mathcal{E}|_{A})$ $C$ $D$ $(X, \mathcal{E})$
$E[C]\cap E[D]$
$\Delta_{X}$ $E\in \mathcal{E}$ $\omega\in\nu X$
$x_{\lambda}\in E[C]\cap E[D]$ $\lambda$ $(x_{\lambda}, c_{\lambda}),$ $(x_{\lambda}, d_{\lambda})\in E$ $c_{\lambda}\in C$
$d_{\lambda}\in D$ $(c_{\lambda}, d_{\lambda})\in E\circ E$ $E\circ E$ $\triangle x$
$c_{\lambda},$ $d_{\lambda}\in(E\circ E[C])\cap(E\circ E[D])$ $E’:=(E\circ E)\cap A^{2}\in \mathcal{E}|_{A}$
$c_{\lambda},$ $d_{\lambda}\in E’[C]\cap E^{l}[D]$ 38 $\mathcal{E}\subset \mathcal{E}_{hX}$ $x_{\lambda}arrow\omega$
37(b) $c_{\lambda},$ $d_{\lambda}arrow\omega$ $E’[C]\cap E^{l}[D]$
$(A, \mathcal{E}|_{A})$ $C$ $D$ $C$ $D$ $(X, \mathcal{E})$
(iii) cl$hxC\cap c1_{hX}D=\emptyset$ . 45 idx
$q$ :cl$hx^{A}arrow h_{\mathcal{E}1_{A}}A$
46. $(X, \mathcal{E})$ 44
:
47. $(X, \mathcal{E})$ 44
(iv) $A,$ $B\subset X$ $A$ $B$ cl$hx^{A\cap}$ cl$hx^{B\cap\nu X=\emptyset}$
Proof. (iii) $\Rightarrow$ (iv): 42 $A$ $B$
clx $A\cap$ clx $B$ $\mathcal{E}$ $\Delta_{X}$
$E\in \mathcal{E}$ 2.1 clx $A\cap c1_{X}B\subset E[A]\cap E[B]$
$A$ $B$ $E[A]\cap E[B]$ clx $A\cap c1_{X}B$
clx $A\cap$ clx $B$ $X$ $U$
$A’:=(c1_{X}A)\backslash U,$ $B’:=(c1_{X}B)\backslash U$
cl$hXA\cap c1_{hX}B\cap\nu X=c1_{hX}A’\cap c1_{hX}B’\cap\nu X=c1_{hX}A’\cap c1_{hX}B’$
$A’$ $B’$ $X$ $A’\subset E[A]$ $B’\subset$






44 ( ) (
) 46
1.1 44 Higson :
5.1. $X$ $\tilde{X}$ :
(i) $\overline{X}$ $hX$
(ii) $X$ $A,$ $B$
$c1_{\tilde{X}}A\cap c1_{\tilde{X}}B=\emptyset\Leftrightarrow A$ $B$
52. 1 $\overline{X}$ $\mathcal{E}_{\tilde{X}}$
Proof. (iii) $A,$ $B\subset X$ $c1_{\tilde{X}}A\cap c1_{\tilde{x}}B\neq\emptyset$
$\omega\in c1_{\overline{X}}A\cap c1_{\overline{X}}B$ $\omega\in\partial X:=\overline{X}\backslash X$ $\omega$
$a_{\eta}\in A$ $b_{n}\in B$ $E:=\{(a_{n}, b_{n})|n\in N\}\in \mathcal{E}_{\tilde{X}}$
$K$ $E[K]$ $E$
$a_{n}$ $b_{n}$ $\omega$ 37(b)
$E\in \mathcal{E}_{\tilde{X}}$ $E’:=E\cup E^{-1}\cup\triangle x\in \mathcal{E}_{\tilde{X}}$ $n\in N$










8 (proper metric space)
9 “ ”
36
56. $X=[0, \infty)$ $A= \bigcup_{n\in N}[2n, 2n+1],$ $U=X\backslash A$ $U$
$\epsilon$’ $\mathcal{E}’$ $X^{2}$
$\mathcal{E}$ $(X, \mathcal{E})$
Proof. $\mathcal{E}|_{A}$ $A^{2}$ $A$
$\mathcal{E}|_{A}$-Higson $f$ : $Aarrow \mathbb{R}$
$f(x)=\{\begin{array}{l}0 if x\in[4n, 4n+1],1if x\in[4n+2,4n+3]\end{array}$
$A$ Higson $f$ $F:Xarrow \mathbb{R}$
$n\in N$ $F((2n+1,2n+2))\supset(0,1)$ diam $F((2n+$
$1,2n+2))$ $0$ $\mathcal{E}|_{U}=\mathcal{E}’$ $F|u$ $\mathcal{E}|u$-Higson
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